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1 Introduction 


Explicit result for higher loop amplitudes in superstring is quite rare. To 
our knowledge the only explicitly known higher loop (> 2) non-vanishing 
amplitude is the four-particle amplitude in superstring theory, firstly ob¬ 
tained in [2 and later re-obtained in 13 El in an explicitly gauge indepen¬ 
dent way, following the works of D’ Hoker and Phong EnmEiinniini on 
two loop measure of superstring theory. This result was also computed 
in a super-Poincare covariant way in mi- Recently D’ Hoker and Phong 
dua also gave a measure for three loop superstring theory. It remains 
to see if this can be used to do explicit three loop computations in super¬ 
string theory. For another promising approach of covariant calculation of 
superstring amplitudes we refer the reader to Berkovits’ review Ill- 

Due to the rareness of explicit results, it is natural to study the known 
result in depth. The old result was cast into an explicit modular invariant 
form El and used in m to prove the vanishing of the R 4 correction 
nnrrgi. It has also been proved in m that the results obtained in □HEI 
are equivalent. Another goal we have in mind is to make connection with 
known results from field theory in Af = 4 supersymmetric Yang-Mills 
theory mm- It seems natural to compute the precise overall coefficient 
of the two-loop 4-particle amplitude. 

This seems a trivial problem, but in fact it turns out to be quite in¬ 
volved. One could try to use factorization and unitarity to fix the overall 
coefficient for the four-particle amplitude. In a previous paper m we 
have studied in detail the factorization of the two-loop 4-particle ampli¬ 
tude in superstring theory 1 . When we use this result to determine the 
coefficient of the two-loop 4-particle amplitude, we found that we need 
the precise overall factor for other one-loop amplitudes involved. Due to 
the incomplete results in literature (and a fear of wrongly quoting other’s 
results), we therefore computed all the relevant amplitudes in a consis¬ 
tent way and fixed all the overall factors by either using factorization or 
unitarity. In this way the coefficient of the 2-loop 4-particle amplitude is 
determined exactly. This paper is organized as follows: 

In the next section we recall all the vertex operators needed in this pa¬ 
per, following the covariant quantization of the Neveu-Schwarz-Ramond 
theory by Friedan, Martinec and Shenker m and Knizlmik m- In sec¬ 
tion 3 we gave all the results for tree amplitudes needed with their overall 
coefficients. We omit all the computations as this becomes standard ex¬ 
ercises in superstring theory. We don’t claim any originality for these 
amplitudes although some amplitudes with massive tensor may be new. 
The one-loop amplitudes are collected in section 4. Starting from the 
4-particle amplitude we obtained the 3-particle (one massive tensor) and 
2-particle (both massive tensor) amplitudes by factorization. The overall 
coefficient is determined by using unitarity (which is the only place we 
used unitarity relation). The summation over the intermediate states is 
quite involved and 2 appendices are devoted to the proof of an equation 
(eq. 1541 1. In section 5 we combine the results of the previous sections 
and the result of m to determined the overall coefficient of the 2-loop 

1 See also [2511221 for early works on two-loop factorization. 
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4-particle amplitude. 

During the writing of this paper we received the paper of D’Hoker, 
Gutperle and Phong m which also determined the precise overall coef¬ 
ficient of the 2-loop 4-particle amplitude. The method used for the final 
determination of the 2-loop coefficient is the same. Nevertheless they used 
the result of S-duality for the determination of the 1-loop coefficient. We 
found complete agreement with their result although the factorization is 
performed by using hyperelliptic language. 


2 A review of the vertex operators 

First let us set our notations for the vertex operators used. For all our 
calculations we use the covariant emission vertices constructed by Friedan, 
Martinec and Shenker •S3: and by Knizhnik m■ Let us briefly review 
their construction. Most of the time we will present the result for the 
left-moving (or holomorphic) part, as the formalism for the right-moving 
(or anti-holomorphic) part is the same. So it is useful to introduce a set 
of notations to separate the two parts. As we will use only three different 
vertex operators in this paper, we use the subscripts B and F to denote the 
bosonic and fermionic massless vertex operators from the Neveu-Schwarz 
sector and Ramond sector respectively. The level one (or the first) massive 
vertex operator from the Neveu-Schwarz sector is denoted by a subscript 
M. Subscripts with an additional ~ denote the right-moving part when 
we need the complete amplitude in superstring theory. 

By using these notations, the vertex operator for the massless NS-NS 
tensor is: 

V|A _ 1 ) (2,2,M,e) = V ( B ~ 1 \z,k,e)vt' 1) (z,k,e), ( 1 ) 

where 

V^\z,k, e ) = g c e^(z)e-^e ikx(z ^\ ( 2 ) 

V~^(z,k 7 e) = i ■'ip(z) e~^ z \ (3) 

Here in the above, we have written the polarization tensor in a factorized 
form: e M1 , = By convention we absorbed the overall constant g c and 

the exponential factor e ,fc ' x ( z > z ) into the left-moving vertex operator Vb- 
One may also split X(z,z ) into a left-moving part and a right-moving 
part, but we will not do this in this paper as this is not essential for our 
purpose. 

We note that the vertex operator given in eq. © carries a ghost charge 
of —1. We will also need the physical equivalent vertex operator which 
carries no ghost charge. It is given as follows: 

Vg\z,k,t) = -g c (e-dX(z) + ik-il>(z)e- , ij}(z))e zkx( ' z \ (4) 

This vertex operator is obtained from the ghost charge —1 operator of 
eq. © by using the “picture-raising” operator Z(y): 

Z(y ) = {Q,2£(y)} = -P.^e* + ..., (5) 
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Vb 0) {z, k, e) 


( 6 ) 


= ■. Z{z)v£ X \z,k,i) ■. 

^^(y)vi _1) (z,fc,c), 

y z 

modulo spurious operators 2 . All other vertex operators of different ghost 
charge can be related in the same way. They are physically equivalent 

HU- 

The second vertex operator (left-moving part only) is the massive ten¬ 
sor from the Neveu-Schwarz sector BHiBsinni : 

V ( M 15 = 9m {a^piV{z)V{zW{z) 

+a IJ ,vdX ,J (z)ip 1 '(z) — er (J z9^>' i (z)| e _<#>(z) e lfc ' x(z) , (7) 

which is in the (—l)-picture (or ghost charge —1) and 

V ( m = ~9m {«[w] [3 idX v, ^ v ^> p + y k ■ W ,P ] 

+ (y) 1/2 [axw' + y (, 9 + ik ■ V-dX'V 1 ')] 

-o> [id 2 X — y k ■ ipdi/j 11 ] j e lkx , (8) 

which is in the 0-picture and the dependence on the dimensional scale a' 
is restored for Vj^. The mass-shell condition is fc 2 = — A. Here a and 
<r M „ are the polarization tensors which satisfies the following normalization 
conditions: 

a lll ,p(k)a ll ' vp {—k) = —i rj llu (k)a llv {—k) = 1. (9) 

which are given in 1221 . The state represented by cr M is null and it will not 
appear in the physical amplitude. 

The last vertex operator is the massless fermion from the R.amond 
sector: 

V { F ~^ = g r e~* /2 u a S a e~* w e ikx(z \ ( 10 ) 

which is in the (—i)-picture and u is a Majorana-Weyl spinor in 10- 
dimensional space-time. We will not need the expression in the ^-picture 
which we give it here 

~ ff F « a {e‘ #,/2 [<9A' M + ^ k • + 7 } e 3 ‘ t>/2 'gbS a '^e kx , (11) 

just for completeness (see m for details). 

As a last note, our convention for the S-matrix is: 

5(1, • ■ •, N) = <5(1, • • ■, IV) + ( 2n) D 5 D (k 1 + --- + k N ) iA N (l, ■■■, N), (12) 

where all momenta are incoming and D = 10 for superstring theory. All 
the formulas are given in terms of An and the momentum conservation 
is implicit in it. 

2 Exactly we have: 

: Z(z)t/j p (z)e- ,l,< ~ z)+ik x(z) := (iAT(•)?£ +90) - (»'"+ifc-#'‘))e it x(z) . 
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3 The tree-level amplitudes and their fac¬ 
torization in superstring theory 


3.1 The massless boson amplitudes 

A general tree-level n-particle (assuming to be all massless NS bosons) 
amplitude is computed as follows: 


/ n 

JJ d 2 Zi(^ [cV^ _1) ] (zi, fa, £r) [cV^ 0) ] (z 2 , fa, £ 2 ) 

i =4 

n 

x [c^s -11 ] (fa, fa, e 3 ) [cV^ 0) ] (Zi, ki, u) 

i=A 

x (right-moving part) \, (13) 


by fixing the first three insertion points of the vertex operators and inte¬ 
grating the rest insertion points EH- To obtain a non-trivial amplitude 
(n > 4) we do need the right-moving part explicitly. The computation is 
straightforward but quite tedious. 

The results for n = 3 and n = 4 are well-known and are given as 
follows JjJTJ: 

A 3 (ki,Ei,ii) = ^L^K 3 {ki,Ei)K 3 {ki,Ei), (14) 

a 

_ 2 / /\3 

A A {ki , Ei, Ei) — CX — K {ki, Ei)I\. {ki, Ei) 

r(-^)T(-^)T(-^) 

r(i + ^)r(i + ^)r(i + ^)’ 

where the various kinematic factors are given as follows: 


K 3 {ki, ti ) 

K{ki,Ei) 


(a , / 2 ) 1 ^ 2 (ei • £263 • fa + ei • £ 3 £2 • fa + £2 ■ £ 3 £i • fa), 

( a ') 2 r 


16 

t{a'Y r 


UtEl ■ £2£ 3 • £4 + StEl • £ 3 £2 • £4 + USE 1 • £4£2 • £ 3 
£1 ■ £2£3 • fa £4 ■ fa + £1 ■ £ 3 £2 • fa £4 ■ fa 


+£2 • £4£l ‘ fa£3 ’ fa 4“ £ 3 ’ £4£2 ’ fatl ’ k 3 

u{a ') 2 r 

--- £l • £2£ 3 ' fa£4 • fa + £i • £4£2 • fa£ 3 • fa 

o 

+£2 ' £ 3 £l ' fa£4 • fa + £3 ’ £4£l ’ fat2 ' fa 

s{a ') 2 I" 

--- £l ■ E 3 £2 ■ fa£4 ■ fa + £2 ■ £4£l ' fa£ 3 ' fa 

o 

+£2 • £ 3 £l • fa£4 • fa + £l • £4£2 • fat 3 • fa 


(16) 


which are dimensionless. Here K{ki, Ei) is the standard (left-moving part) 
kinematic factor from the tree, one-loop and two-loop computations in 
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superstring theory ei mia In our convention all the kinematic factors 
are dimensionless (and they agree with the previous ones after setting 
a' = 2). The right-moving part kinematic factors are obtained from the 
corresponding left-moving part kinematic factors by the simple substitu¬ 
tion ti —> ii. For example we have: 

K 3 (ki, ii) = (c//2) 1/2 (ei • iiiz ■ ki + ii ■ i 3 i 2 ■ k 3 + i 2 ■ i 3 ii ■ k 2 ). (17) 

This rule will apply for all later formulas involving right-moving part 
contribution if we don’t explicitly say an alternative. 

The constant c appearing in C3 can be proved to be equal 1 by using 
factorization property of the amplitude. In order to do this, we must use 
the following result for the summation over intermediate states: 

^ K 3 (k 1 ,e 1 -k 2 , e 2 ; k, t(k)) K 3 (k 3 , e 3 ; fc 4 , e 4 ; -k, e(-fc)) 

= —— K(ki,ei)\ s =o,t~-u, (18) 

ua' 

which can be easily proved by using the following formula: 

^ e M (fc)e„(-fc) = y^e M (fc)e*(A;) = (k^p v + k v p^), (19) 

e(k) e(k) P 

where p is a reference momentum and can be chosen as (p'') = ( k° , —k z ). 


3.2 The two massless boson and one massive ten¬ 
sor vertex 


The left-moving part vertex for two massless boson and one massive tensor 
is: 

iA 2B M = ([cVjT 1 *] (*i, fci) [cV<?>] (Z2, fe) [cV™] (z, k)) 

= ig M KM{ki,ei-,k 2 ,e 2 -,k, a, a), (20) 


where the kinematic factor Km is: 


Km 


/ /\V2 

-6 ( — J a^ p k^eU 2 + cr^\eie 2 

+ Y (fc 4 feiei • e 2 - k^e\e 2 • ki + k^e 2 e 4 ■ fc 2 )] • (21) 


As we said before, there is no contribution from the <r M term of the vertex 
operator as it gives spurious physical states. 

By combining the left-moving part vertex with right-moving part ver¬ 
tex, we can use the factorization property of the 4-particle amplitude for 
s —► —j to obtain the overall coefficient g M as we did in the last sub¬ 
section. Here we must use the following formula for the summation over 
intermediate massive states: 


Y, KM(ki,ev,k 2 ,e 2 ',k,a(k),a(k)) 

a(k),a(k) 

xK M (k 3 , e 3 ; fc 4 , e 4 ; —k, a(—k),cr(—k)) = K(ki, ti)\ s= i _. (22) 
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Figure 1: The factorization of the 4-particle tree amplitude. The intermediate 
state is a massive tensor. 


By using eq. (1521 and the factorization of the 4-particle amplitude into 
two 3-particle (one is massive) amplitude as shown in Fig. 1, we get 


_ Ak 
9m ~7 
a 


8ng c 

a' 


(23) 


by choosing it to be positive. 


3.3 Tree amplitudes with fermions or R-R tensors 

In this subsection we only list all the required results. They are needed 
to prove eq. iTCTi . It can be skipped if one is only interested in the result 
for the overall coefficient. 

First we have two 3-particle vertices. These are given as follows: 

• Vertex (NS, 1VS) -► (R,NR) + (R,NR)-. 


A.F (k\, U\ , ei, /u2 , U2, C2 , ) C 3 ; £ 3 ) — 9 F \ j r> ^ 1^3 ^2 R 3 (ki, £i) , 


with 


9f 


4 7T <?c 


(24) 

(25) 


Vertex (NS, NS) + (R, R) -> (R, R): 

A R (fcl, Ml, Ml; , « 2 , M 2 ; lC 3 , £ 3 , £ 3 ) = g R K R K R (26) 


where 


9r 


k r 


2ng c 



Mir A ‘u2£3 M . 


(27) 

(28) 


For the 4-particle amplitude, the massless 2 fermion and 2 boson 
((R,NR) + (NS, NR) -► (R,NR) + (NS, NR)) amplitude is: 


r(-^)r(-^)r(-^ 


Afbfb = g 2 p Kfbfb R (ki, Ei) 


r(i + 


)r(i + ¥)r(i + 


a u \ 
4 > 


(29) 
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with 


(30) 


$2F 

Here the kinematic factor Kfbfb is: 

t(a'' 2 r 


2tt 2 gl 


Kfbfb = — 


4 

s(a ') 2 r 


£4 ' k 3 Ul£ 2 U3 + ^fc4 Ji e4 I /Hl/ 2 r [,il ' 1 U3 


2^11'- 


£4 • klUl/t 2 U3 + ^fc4 M £4„Mir [Ml ' 1 / 2 W3 


■ (31) 


The amplitude with 2 Ramond-Ramond tensors ((NS, NS) + (R, R) 
(NS, NR) + (A, A)) is: 


A 

with 


RBRB 92R k-FBFB “FBFB 


AT 


r(-^)r(-^)r(-^) 


4 4 4 Wt. ( 32 ) 


r(i + ^£)r(i + ^)r(i + ^)’ 


9 2R 


2 2 
K 9c 


(33) 


The (right-moving) kinematic factor K FBFB is obtained from K FBFB by 
putting a tilde on every u and e. 

We also need two 3-particle vertices with one massive tensor. The 
results are: 

• Massive boson of (NS, NS) —► 2 massless fermion (R, NS)+(R, NS): 

AMFF(k, a, <j, a, <r; ki, Mi, ei; k 2, M2, £2) 

9 mff^mff (^’ k\, Mi, /C2, M2) 

xKM(k,a, <7; fci, £1; fc 2 , £2), 

5c 


9mf 


where the kinematic factor Kmff is: 


(34) 

(35) 


AT 


1 a‘ 


0 MlT^ P M2-— <Jn F k 2 MiT 1 "m 2. 


Massive boson (IVS', AS) —> massless tensor (A, A) + (A, A): 

27T 


Amur 9mrr^mff^a 


9 mi 


(36) 


(37) 


4 One loop amplitudes and their factor¬ 
ization and unitarity 


4.1 One loop amplitudes and their factorization 

At one loop, the four particle amplitude was firstly computed by Green 
and Schwarz in m and the result is: 


^ 1 -loop 


1 —loop 

94 


K(ki, 6i) 




d 2 Zj 

Imr 
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ol' k r -fc; 


><n 


®i(z™|r) 

dOi( 0 |r) 


exp 



(38) 


where z rs = z r — z s . What we required in this paper is the 3-particle 
amplitude with one massive tensor at 1-loop. We can obtain it by fac¬ 
torization but we must make an assumption that the kinematic factor 
is the same as that appearing at tree level. This was explicitly checked 
by an explicit calculation at one-loop m- Now we derive this 3-particle 
amplitude by using factorization. 



Figure 2: The colliding limit of Z\ —> 22 gives a 3-particle one-loop amplitude. 

By taking the limit of z\ —> 22 to select the physical pole term as 
s = —(ki + fe ) 2 —> 4 -, we have: 


^1 —loop 


1-loop 

y 4 





[ d 2 r 

J F (Imr) 2 


d 2 Z 2 

(Imr ) 2 


n 


d 2 Zi 
Imr 


x n 

2 <r<s 


Ql(Zrs|r) 

S 0 i(O|r) 


exp 



'k'-k [' 


(39) 


where k' 2 = k\ + k 2 and k' 3 4 = k 3i 4 . From this result we can extract the 
(1-loop correction to the) 3-particle amplitude by using the factorization 
limit as shown in Fig. 2. We have: 


= 93~ lo ° P K m K m 


n 


01 (Zrs |r) 


d 2 r 

(Imr ) 1 


90i(O|r) 


exp 




i= 1 

a.' k r -k s 


1 —loop 

94 


1 —loop 

9 m 9 3 

47t/ a! ’ 


(40) 

(41) 


by setting k 3 = k. Here we have used the invariance of the integrand 
under translation of all the insertion points to fix 2 = 23 to an arbitrary 
point on the torus (so there is no integration over 23 in eq. mi Now we 
can use factorization again to this amplitude by taking the limit 21 —> 22 
to select the physical pole term as s = — (fci + /C 2) 2 —> -^r. We have: 


A 1 -loop 

■^•2 SM 


^1-loop Rm k m 


47r 
a.' 



[ dV 
J F (Imr ) 5 


/ 


i 2 

d Z2 
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X 


ol (ki+k2)-k 


®l{Z2\r) 

8^W) eXP 



(42) 


From this result we can extract the (1-loop correction to the) 2-particle 
amplitude by using the factorization limit as shown in Fig. 3. We have: 


A 


1 —loop 
MM 


(k,k') 


1 —loop 

% 


<W° OP KmmKmm 


d 2 r 


(In 


,2 

d 2 


Qi(z\t ) 


<9Oi(0|7 


1 — loop 
9_M 9mM 

47ra' 


exp 


(— 

V Imr 


(Im 2 ) 2 ) 


where the kinematic factor Kmm is: 


(43) 

(44) 



Figure 3: Further degeneration z\ —> Z 2 gives the 2-particle one-loop amplitude. 


4.2 The one-loop unitarity relation for the mas¬ 
sive tensor propagator 

We will use the following formula from the operator formalism of string 
theory: 


Tr(V(k u e 2lrizi )V(k 2 , e 2 ™ 2 ) • • • V(k M , e 2wtZM ) q" q n (qq)^ p ~) 

-i D/2 | /"» / i \ , v | a'kr-ks 

— 271 


a 1 In \q\ 


n 


0 ©l(«rs|r) f -7T 

27r dehoFy exp lw 


(IlU2: rs ) 2 ^ 


(46) 


where q = e 2 ’ nlZM = e 2 ’"’" and Imzi < Imz 2 < ■ • ■ < ImzM = Imr. The 
vertex operator V is: 


V(k, e 27riz ) 


'£~ !*(*■«*- 


ik- (x-\-i 27 ra / Imzp) 


xe 


+ k-a_ r 


z +k-< 


(47) 


and Fh(/c) = V(k, e 27rl2 )| 2 ^o,*^o which appears soon. 
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The trace contains an integration over momentum and summations 
over all the Fock states created by the creation operators a~ n and d_ n 
and their super-partners (omitting the zero modes) (which are required 
to cancel the factor |??(r)| D in bosonic string theory). 

For M = 2 after evaluating the trace by inserting a complete set of 
intermediate states, we have 


i( 2n) a ' kk/ 
{a'\mr ) D / 2 


0 i (t “ Z V ) 
ae!(o|r) exp 


1 — 

V Imr 


(Im(r - z)) 2 ^j 


cx' k-k 


J ( 

p {< 


— 47rlni2\ ~T P 


r p o 


— 47rlm(r — z) \ 4 


(p+k ') 2 


X e 2 vri(nz , 77 , | Vr (fc) | T 7 T., 7 TI.) 

n,h,m,rh 

x (m, m\V R {k')\n, n) e 2ni(rn (r-*)-*(r-*))_ 


(48) 


Now we can do the integration over r and 2 explicitly. We introduce an 
ultraviolet cutoff A by restricting the integration to the following region: 

Imr > 2A, A < Imz < Imr — A. (49) 


After carrying out the integration explicitly we have 


i(2n)° 


d 2 r 


(a') D / 2 


Imr>A A ™) D/2 

©i(r - z\t) 


i 2 

d 3 


<90i(O|r) 
d D p \ 


exp 


(ZJL 


(Im(r - z))' 


\Imr 

— A(p 2 + — ie) — A((p— k ) 2 + ie) 


ex' k-k 


(not') 2 (p 2 + -±rn- it)((p - k) 2 + -^m - it) 

X &n,n3m,rh (^5 n\VR{k)\m,fh) {m,fh\VR(k')\n,n }. (50) 


By assuming s = — k 2 = k ■ k' —> we see that only the “ground state” 
could contribute an imaginary part in the above summation (see below in 
eq. 152H . and we have: 


iA 


1 —loop 

MM 


1 —loop j - (o: ) 

9mm k mm ft -mm 


l\D /2 


d D p 


(2n) a ' kk ' 

-A (p 2 + (p-k) 2 -ie) 


J (na') 2 (p 2 — it)((p — k) 2 — it) 
+i (Purely real parts). 


( 51 ) 


From field theory or by explicit calculation, we have: 


iA(s + it) 


DiscA(s) 


d D p 1 

(2n) D p 2 + rn 2 — 


0(s — 4m 2 ) 


iSd- 1 
(2n) D ~ 2 


1 

it (p — k) 2 + m 2 



4s 1 / 2 


— it 
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( 52 ) 


• f dDfc l n j/,2 2 X /' d°k 2 n „, 2 , 2 N 

= J (2^ 2?r5 ( fc i + m ) J J2^5 2n5 ( k * + m 2) 

x {2n) D 5 D {k 1 + k 2 + k ) |A tree (fci; fc 2 ; fc)| 2 . 

where s = —k 2 and DiscA(s) = A(s + ie) — A(s — ie). 

The unitarity relation is: 

A{s + ie) - A(s - ie) = ^ J 2tt< 5(fc?) J 2tt< 5(fc|) 

x (2n) D S D (ki + k 2 + k ) |^M, e ,(fc i; fo; fc)| 2 , (53) 

where the factor of 2 is due to the propagation of identical particles. 





Figure 4: The 4 possible contributions to A t ^ t . 


For superstring theory in ten dimensions, the possible -4 m 5 ** ’ s are listed 
in Fig. 4. In Appendix we will prove the following result for the summation 
over all possible intermediate states: 


all intermediate states 


I At 


= (<?m) 2 KmmKmm- 


We relegate the proof of this result to Appendix B. 
By using this result we have: 


/ _ f\L 

^1—loop / 

9mm 


(271 


(9u) 2 


(2'K) a ' kk ' (tux') 2 2 

by using this equation with eqs. dm and mi we have: 


1 —loop 
9 M 


2i r 2 (a') 5 ’ 


(54) 


(55) 


( 56 ) 
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s 3 1_loop = 

Sc 

(57) 

7r 2( Q /)5 ’ 

1 —loop 

94 = 

2So 3 * 

(58) 

7T 2 (q') 5 


The coefficient g\ loop agrees with the result of Sakai and Tanni OH . 


5 The factorization of the two loop four 
particle amplitude 


In this section we will use the result of m to determine the overall coef¬ 
ficient of the two-loop 4-particle amplitude. We pay particular attention 
to the overall coefficient. To begin with, let us recall the two-loop four- 
particle amplitude in type II superstring theories obtained in refs. HE]: 


-4/i 


where 


CnK(ki,u)^ 


1 nLrdV 

T 5 dVpr \ EU a ij \ 2 


d 2 z 

exp {—ki ■ kj(X(zi)X(zj)}}, 

i= 1 i<j 


X 


s(ziZ2 + 2324 ) + t(ziZA + Z 2 Z 3 ) + u(ziZ 3 + Z2Z4) 


, (59) 


d 2 aid 2 ajd 2 ak 

dV pr = . 

(60) 

|CLijCLikCljk \ 


rr f ,2 ,2 \zi — 22 j 3 

J dzidZ 2 \y( Zl )y(z 2 )\ 2 ’ 

(61) 

<3 

1 

ii 

<N 

S* 

(62) 


i= 1 


and (X(zi)X(zj)) = {X(zi, Zi)X(zj, Zj))’s are the scalar correlators. The 
is the standard kinematic factor appearing at tree, one- and 
two-loop computations I551IT1I51. C 11 is an overall factor which will be 
determined in this section. 

There are 10 possible ways for the dividing degeneration limit (one is 
a 2 — ai = u, 0 L 3 — cti — vu and u —> 0) 3 and by using the result of we 
have: 


An 


CnK(ki,ei 


2 tt 


|lfiA' 2 /4| 2 dV 


d 2 u 


d 2 a:id 2 a ;2 


6 ! s + ArJ 

d 2 23d 2 24 


T«T| |ai 4 ai 5 ai 6 | 2 |w(n - 1)| : 


\yi{xi)yi(x2)\ 2 \y2{z3)y2{zi)\ 2 


3 There are some fine points which should be taken into account. See Sect. 3.2 of \T7', for 

details. 
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( 63 ) 


x exp | - ^Gi(ii, 12 ) - Gi(xi,pi) - Gi(x 2 ,pi)'j 
-(g2(Z3,Z±) - G 2 (z 3 ,p 2 ) - G 2 (Z4,p 2 )^ ■ 
The one-loop amplitude in hyperelliptic language is: 


|Af 




x 


d 2 Zld 2 Z 2 


4! J T 5 |ai 2 ai 3 ai 4 | 2 \y(zi)y(z 2 )\ 2 

x exp | - (g{z\,z 2 ) - G(zi, z 3 ) - G(z 2 , 23 )) 

1 r dv 2 

If 


( 27r ) 2 J F (Imr) 5 


if 

i=l 


Zi 


3 

n ©l(Zrs|T) ( -7T . 2 \ 

aeT(oFy exp l^ ( 2rs) ) 

r<s 


ex k r -k s 


This gives the following relation by using factorization relation: 

2 

1—loop\2 


,, 10 
Ci 1 — x 


6 ! 2 3 ( a ') 3 


7T / 4! 

x 


This gives 


C u = 


(2n) 


2 4 ffg 

(a') 7 7r 


= (<?3 “T- 


In period matrix language we have 4 : 

1 


Ah = Cu 


(2tt) 6 2 5 


K(ki,ti) 


|d 3 r|' 


(det Irn) 5 


(64) 


(65) 


( 66 ) 


x f Y[d 2 Zi\3y s \ 2 Y[ ex P{~ki ■ kj{X(zi)X(zj))}, (67) 

J i=l i<j 


and the overall coefficient is 


Cu = Cu 


(27r) 6 2 5 (27ra') 7 


( 68 ) 


This result agrees with D’Hoker, Gutperle and Phong m by taking into 
account the different convention for d 2 z (we use d 2 z = did y for z = x+iy)- 


Appendix A: Formulas for tensor integra¬ 
tion 

Here is a list of all the formulas needed for tensor integrations which are 
used in Appendix B to prove eq. (1511 . We have 


d D p 


d D p 


(271 


D P IJ ’8(p 2 )S((p + k) 2 ) = -^k IJ -J py <5(p 2 ) 8((p + A;) 2 ). (69) 


4 The factor (7 in the last equation of p] should be 27r. 
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( 2 , 


p M1 p' i2 J(p )8((p + k) ) 


1 


4 (D - 1) 

„ f d D P 


(—ArV 1 " 2 + D fc M1 fc M2 ) 


(271 


<5(p 2 )<5(0 + fc) 2 ). 


(70) 


d D p 


(2tt) 


p M 1 p M 2 p' i 3 p M 4 5(p 2 ) <5((p + fc) 2 ) 


16( _ Y) ( fc4 (>? M1M2? 7 M3M4 + (Pi ^ Pa) + (pi <-► P4)) 

—k 2 (D + 2) (k n k^ 2 g^ 3 * 44 + (5 more terms)) 

+{D + 2)(D + 4)fc # ‘ 1 fc M fc # ‘ 3 fc' 14 

f d ° P 8(p 2 ) 6((p + k) 2 ). 


(2 


(71) 


J (271 -) D P' J1 P' J2 P M3 P M4 P'" 5 P M5 (P 2 ) S ((P + fc ) 2 ) 

= 64(D + 3)(D*-1) ( “ k 6 (v^v^ 4 v^ + (14 more terms)) 

+k A (D + 4) (/c M1 A; M2 ry M3M4M6 + ( 44 more terms)) 

—k 2 (D + 4 )(D + 6)(fc M1 fc ,i2 fc ,i3 fc ,i4 77 M5M6 + (14 more terms)) 

+(D + 4) (D + 6) (D + 8)fe w fe M3 fc M4 fc M5 

X / (^^ 2 ) <5 ((P + fe ) 2 )- ( 72 ) 


^ P p' il p M2 p M3 p M4 p M5 p M6 p M7 p A ‘ 8 (5(p 2 ) <5((p + fc) 2 ) 

(2'k) u 

1 

256(D + 5)(L> + 3)(D 2 -1) 

x (V (p M1M V 3M V 5M V 7M8 + (104 more terms)) 

—k 6 (D + 6) (fc M1 /c M2 r; M3M4 r; M5 r^ M7At8 4- ( 419 more terms)) 

+k 4 (D + 6)(D + 8)(fc M1 fc M2 fc M3 /c M4 r/ M5M6 ?7 M7M8 + ( 209 more )) 
—k 2 (D + 6)(-D + 8)(D + 10) 
x (fc M1 /c M2 /c M3 fc M4 fc M5 fc M6 ?7 M7M8 +(27 more )) 

+(D + 6){D + 8 )(D + 10) (D + 12 )/fc' il F 2 fc' 43 F 4 F 5 F 6 fc M7 F 8 ^ 

X / (^% 2 )<5((P + ^) 2 )- (73) 
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Appendix B: Proof of eq. (1541) : the sum¬ 
mation over the intermediate states in one- 
loop unitarity relation 

As we explained in subsection 4.2, in order to use the 1-loop unitarity 
relation to determine the coefficient <?y loop , we need eq. <1511 to do the 
summation over all the intermediate states. This equation is only true 
when it is inserted in an integral where we can use the substitution rules 
implied by the formulas for tensor integrations derived in the last ap¬ 
pendix. Here we will give some details for the summation over all the 
intermediate states and sketch a proof of eq. 1551 . 

The summation over the intermediate states can be done separately for 
the left-moving part and the right-moving part. So we need the formulas 
for the NS and R intermediate states. For NS intermediate states, the 
kinematic factor Km is given in eq. OB and we have: 


\Km{pi, ei;p 2 , £ 2 ; a, <t)| 2 = -36a Mll ,p(A:)a M2 lyp (-k)p^ p^ 2 

e l ? € 2 

+<Wi (k)a!, 2lJ2 (-k)^(D - 2 )p% 1 pf 2 p" 1 p? 

-4pfpf rf 1 " 2 

by using the following summation formula: 

V- , u. , pV" p'> v 

Z^ e (p) £ (~p) ~w - 


2|p| 2 2|p| 2 


(74) 


(75) 


where p = (p° ,p 3 ,p 2 ,p 3 ) and p' = (— p° ,p 3 ,p 2 ,p 3 ). D is the dimension of 
space-time. 

For R intermediate states, the kinematic factor Kmff is given in 
eq. 1361 and we have: 


\KMFF(k,a,a;pi,ui;p2,U2',)\ 2 

Ul,U2 

rv ((—h\ A^ lUlplp2U2p2 

— \ rxj J Ll ^2^2P2 \ 'V ^ 

-y cr Mi^i( fe )^2^(- fc )(Pi 1 Pi 2 Pi 1 Pi 2 + ^■V VlV2 Pi 1 Pi 3 ), (76) 

where N = 32 is the dimension of Dirac spinor and 


^pii'iPiP2 i '2P2 _ .I'xy 

8 

1 


i[mi^ 1 Pi] J. p[M2^2P2] 


1 + r 1 


16 


■Tr 


plMl^lPl]^ p[p 2 ^ 2 P 2 ] 


Here we have used: 


y^ u (p)u(-p) = 1+r i>. 


(77) 


(78) 
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The 4 different contributions as displayed in Fig. 4 are given as follows: 


A ~ 

M2(NS—NS) 

= g M K M (ki,ei\ £ 2 , 62 ; k, a, a) 



xK M (k 1 ,e 1 ;k 2 ,e 2 ;k,a,a), 

(79) 

•A M 2(R-R) 

= —g MRR KMFF(ki,ui',k2,U2',k,a,a) 



xK M FF(ki,ui;k2,U2', k,a,a), 

(80) 

A ~ 

M2(R-NS ) 

= g MFF KMFp(ki , ui;k 2 ,u 2 ', k, a, a) 



xK m (&i, ei; , 62 ; k,a,a), 

(81) 

•Am2(NS-R) 

= 5 mff KMFF(ki, ui;k 2 ,u 2 ',k,a,a) 



xK M (k 1 ,e 1 -,k 2 ,e 2 ; k,a,a). 

(82) 


By using these results we have 

H |^M, e ,| 2 = ^2 \ A M 2(NS-NS) I 2 + \ A M2(R-R) I 2 

all intermediate states e i^i u ii^i 

+ \ A M2(NS-R)\ 2 + ^2 \- A M2(R-NS)\ 2 ( 83 ) 

€i,Ui Ui, 

Now we can use eqs. fTfl and ffSl to do the summation over the inter¬ 
mediates. The results can be simplified further by using the formulas in 
Appendix A for the integration over k\ (k 2 = —(k + fci) by momentum 
conservation). After a long and tedious calculation, eq. 1541 is proved. 
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